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This is a theoretical paper relating to circuits of straight parallel wires

traversed by alternating currents under such conditions (frequency of the

alternating currents, diameter and spacing of the wires) that the resulting

non-uniformity of the current distribution is sufficient to play an important

part in determining the mutual and self impedances. The paper deals

primarily with the mutual impedances; but incidentally the self impedances
are dealt with almost as fully, except that no numerical calculations are

made for them.
Part I is mainly a discussion of the physical nature of the mutual and self

impedances in the generalized manner necessitated by the non-uniformity

of the current distribution. It deals with wires which are short enough com-
pared with the wave-length so that the complicating effects of propagation

are negligible and so that the current in each wire can be regarded as an ag-

gregate of filamentary currents.

Part II establishes, by recourse to electromagnetic wave theory, calcula-

tion formulas for the mutual and self impedances per unit length of a pair

of long straight parallel transmission circuits forming a square array.

Values of the mutual impedance are calculated over a frequency-range of

1 to 1000 kilocycles per second, for three cases of the circuits, and are com-
pared with measured values.

Introduction

THE concept of the mutual impedance per unit length between two

straight parallel filamentary conductors is well understood by

engineers, and its calculation formula is simple. This mutual im-

pedance is a pure reactance (directly proportional to the frequency),

the induced electromotive force being in phase quadrature with the

inducing current.

In the case of open-wire circuits, even when operating with carrier

currents of very high frequency, the mutual impedance can be calcu-

lated with high accuracy by regarding the wires as filamentary.

For cable circuits, however, the foregoing statement is not true,

because of the close juxtaposition of the wires. In such circuits the

wires may be termed "thick," meaning that their diameter is ap-

preciable compared with their interaxial separation. Depending in a

complicated manner on the conductivity, permeability, diameter, and

interaxial separation of such wires, the frequency may easily be so

high as to render the filamentary formulas for the mutual impedance

of even straight wires quite inaccurate and unreliable. In such cases

it is necessary to consider the current distribution over the cross-section

* The two parts of this paper are distinct, though complementary. Part I

was written by Ray S. Hoyt, Part II by Sallie Pero Mead.
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of the wires. 1 When this is done it is found that the mutual impedance

comprises not only a reactance component, which is no longer propor-

tional to the frequency, but also a resistance component, which does

not vary in any simple way with the frequency. Both of these com-

ponent departures of the mutual impedance from its simple fila-

mentary value increase the difficulties of balancing out crosstalk, and
the resistance component has also an important effect on the attenua-

tion at carrier frequencies. These matters have recently assumed con-

siderable importance on account of the rapidly increasing interest in the

possibilities of communication transmission over non-loaded cable

circuits with the aid of carrier currents having frequencies high com-

pared with those of speech. As an approximate guide to the behavior

of twisted circuits in cables the theory and formulas for straight wires,

as developed in this paper, have proved to be of considerable service.

The present paper deals with the mutual impedances of two or more

straight parallel wires from two aspects : In Part I the physical theory

is developed and expounded. The current in a wire is there regarded

as made up of an indefinitely large number of parallel filamentary

current elements. On this basis it is shown (among other things) that

the current distribution over the cross-section of each conductor is

necessarily non-uniform, and that this non-uniformity gives rise to a

mutual resistance term in the mutual impedance, besides a change in

the mutual reactance term. In Part II electromagnetic wave theory

is applied to develop formulas for the mutual and self impedances of a

pair of long straight parallel transmission circuits in close juxtaposition.

Calculations of the mutual impedance made with these formulas over

a very wide range of frequencies (1 to 1000 kilocycles per second) are

found to be in very satisfactory agreement with available experi-

mental results.2 In both parts of the paper an endeavor has been

made to bring engineering concepts and formulas into closer relation-

ship with electromagnetic theory.

'The convenient term "proximity effect" when applied to the distribution of
the current over the cross-section of a given conductor means the deviation of this

distribution from the "intrinsic distribution," the latter meaning the distribution
when the given conductor is far enough from all other conductors so that the distri-

bution in it is sensibly unaffected by them.
When the given conductor is a straight uniform wire of circular cross-section, its

"intrinsic distribution" is of course axially symmetrical.
Not every axially symmetrical distribution is the same as the corresponding

intrinsic distribution, as is evidenced by the case of two coaxial conductors, where the
proximity effect in the outer conductor may be large although the current is axially

symmetrical in each conductor.
- See the paper by R. N. Hunter and R. P. Booth, in the April issue of this

Journal, entitled "Cable Crosstalk—Effect of Non-Uniform Current Distribution in

the Wires," which includes the results of some rather extensive sets of measurements
of the mutual impedance of straight wire circuits, and also of twisted circuits in

cables, and a brief physical discussion with particular regard to the effect of non-
uniform current distribution.
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PART I

Physical Theory

The Physical System; Analysis of the Wire Currents into Filaments

Since the mutual impedance between any two parallel circuits can be

expressed wholly in terms of the mutual impedances between the

various wires composing the circuits,3
it will suffice in Part I to discuss

the mutual impedance between the two wires A and B in Fig. 1.

These are each of uniform cross-section, but they need not be alike in

cross-sectional shape and area nor in material.

The wires in Fig. 1 will be assumed very long compared to the dis-

POSITIVE DIRECTION

B
m=NUMBER OF "FILAMENTS" IN A n = NUMBER OF'FILAMENTS" IN B

Fig. 1—Two "thick" straight parallel wires, p, q designate any two "filaments"

of wire A ; <£, any two of B.

tance between them, so that the end-effects 4 in the current distribu-

tion will be negligible, yet short enough compared with the wave-

length so that the charging current will be a negligible fraction of the

total current and therefore the current in each wire of sensibly the

same value throughout its length. 5 These circumstances enable the

current in each wire to be treated as an aggregate of filamentary cur-

rents which are purely longitudinal, and correspondingly enable the

mutual and self impedances of the wires to be described and formulated

in terms of the mutual and self impedances of such filaments, thus

correlating well with the familiar treatment of a system of fine parallel

wires. This treatment by analysis into filaments has been chosen

3 For example, the mutual impedance Zah between two circuits a and b, of which

a comprises wires 1 and 2 and b comprises 3 and 4, is given by Za b = Zn — Zh — Zn
-f- Z24. However, since the wires are in general "thick," the value of each mutual
impedance (also each self impedance) must depend on the presence of all four of the

wires.
4 These consist in the currents not being purely longitudinal near the ends of the

wires.
6 Negligibility of the charging current does not by any means imply that the

distributed charges on the surfaces of the wires are negligible as regards the voltages

which they produce, for extremely small charging currents suffice to establish charges

which can produce relatively large voltages.

For a discussion of this very important fact and other underlying concepts of

circuit theory, the reader is referred to a paper by John R. Carson, "Electromagnetic

Theory and the Foundations of Electric Circuit Theory," published in this Journal

fur January, 1927.
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because it lends itself well to a physical exposition and to the derivation

of the simple formulas needed in that exposition.

Since in general the various filamentary currents in a wire are not

in phase the total, or resultant, current in the wire, which is the com-

plex algebraic sum of the filamentary currents, must be less than the

arithmetic sum of the filamentary currents. An extreme instance of

this fact is presented by a wire, short compared with the wave-length,

which is on open circuit and is situated in the field due to other cur-

rents; for although the total, or resultant, current traversing any cross-

section of this open wire must be zero, the individual filamentary

currents are not zero.

The Two Parts of a Voltage, and Their Resultant 6

For clearness in describing and formulating the mutual and self

impedances of the wires, even when these are filamentary, it is neces-

sary to recognize that the voltage along any specified path (which

may, in particular, be a filament in a conductor) is in general the sum,

or resultant, of two voltages which are simultaneously present along

the path, namely the voltage due to all charges, and the voltage due

to all currents; for brevity, these two parts of the total voltage will be

called merely the "charge voltage" and the "current voltage" re-

spectively—or, somewhat more fully, the "charge-produced voltage"

and the "current-produced voltage." They will be denoted by V and

U respectively, and their resultant by W, so that W = V + U.

The two parts of a voltage have the sharply contrasting properties

constituting principles "1" and "2" in the following set of four

principles, all of which are of much importance for the understanding

of electric circuit theory and transmission theory.

1. A "charge voltage" (V) has exactly the same value along every

path between any two fixed points, and hence is zero around every

closed path.

2. A "current voltage" (£/) has in general unequal values along

any two different paths between any two fixed points, the difference

in these values being accounted for by the time rate of change of the

magnetic flux in the space between the two paths; thus a "current

voltage" is in general not zero around a closed path.

3. The total, or resultant, voltage (W) must evidently have the

same properties as the "current voltage" (U) in " 2."

4. For any current filament / in a conductor the product of the

resistance Rf of the filament and its current 1/ is, by Ohm's law, equal

This section is based on certain fundamentals of electromagnetic theory sum-
marized in an appendix placed at the end of the whole paper.
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to the total, or resultant, voltage along the filament; that is R/If = W/
= Vf + U/. Hence Vf = R/If — Uf, which is the most convenient

form in many applications, particularly those involving inductances.

Before taking up (in the next section) the more complicated subject

of the mutual and self impedances of "thick" wires, some of the fore-

going principles will be illustrated by applying them to the simple

system represented by Fig. 2, which comprises two filamentary wires

POSITIVE DIRECTIONS

H

>
K

Fig. 2—An illustrative circuit of two "filamentary" wires, if and K.

II and K forming a loop. The dotted line G is merely a geometrical

path traced directly between the initial terminals of the two wires.

The first form of principle "1," when applied to the two separate

paths G and HK between the initial terminals, gives:

VG = Vh + (- VK). (1)

The following two equations result from the last form of principle

"4," when supplemented by the definitions of the self and mutual

inductances of filamentary wires, which enable the U's to be expressed

in terms of the Fs:

VH = RhIh - Uu = RiiIh + iuLhIh + io>LHKlK, (la)

VK = RkIk - UK = RkIk + iuLKIK + IuLkhIh, (lb)

where LH denotes the self inductance of wire H, Lhk the mutual in-

ductance 7 between H and K, cu = 2ir times the frequency, and

i — V— 1. Further, on account of the choice of positive directions

shown in Fig. 2, IK = — Ih- Accordingly, replacing IK by — In and

substituting the resulting values of VH and Vk into equation (1)

gives:

VG = (Zhh + Zkk - 2ZHK)IH ,
(lc)

where Zuk — IuLuk = IuLkh — Zkh, Zhh = Rh + iwLn, etc. It

will be observed that while the "current voltages" have been elimi-

nated (through the self and mutual inductances and the currents),

the " charge voltages " remain and play the role of "applied voltages."

For wire H (Fig. 2), the equation (la), when written in the form

RhIh = WH = VH + U,i = VH - iu{LH - LHk)Ih, (2)

7 The first subscript designates the "disturbed" wire, the second the "disturb-

ing" wire ("inducing" wire).
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and its "vector diagram" (Fig. 3) both show that, in the limiting case

of a perfectly conducting wire (Rh = 0), Vn and Uh would exactly

balance each other, their values being exactly equal and opposite;

Uh =

"CURRENT
VOLTAGE

"

Rh Ih /

Fig. 3—Vector diagram relating to wire H of Fig. 2.

and that, in the case of an actual wire of low resistance, Vh and Uu
nearly balance each other, their values being nearly equal and nearly

opposite, so that their resultant Wh = RhIh is a small residual voltage,

although Vh and Uu individually may be very large compared with

The Mutual and Self Impedances

The mutual impedance (and similarly the inductive part of each

self impedance) of the wires A and B (Fig. 1) cannot be defined as the

negative of the voltage induced in either by unit current in the other,

because the induced voltage necessarily has unequal values along the

various filaments of which the disturbed wire may be regarded as

composed. Thus in general this definition, which might be called the

elementary definition, is applicable only to the individual filaments
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composing the wires, or to wires which themselves are fine enough to be

regarded as filamentary. 8

The self and mutual impedances of the wires could be formulated

in terms of the self and mutual impedances of their filaments by

eliminating the filamentary currents. However, without such elimi-

nation it is possible to obtain a type of formulation which is simpler,

more compact, and in many ways more enlightening, as will now be

shown by aid of the foregoing section:—Considering, in Fig. 1, any

filament p of wire A, let Rp denote the resistance of that filament and

I p the current through it; then, by Ohm's law, the product RPIP is

equal to the total voltage WP along p. But W„ is the resultant of the

"current voltage" Up due to all of the wire currents, and the "charge

voltage" Vp due to all of the charges; however, Vp is equal to Va, the

"charge voltage" along wire A as a whole, since the "charge voltages"

along all of the various filaments in a wire must be equal. These

various facts are expressed by the equation 9

RPIp = Wp = Up + Vp = Up + VA . (3)

But, from the definitions of the filamentary self and mutual impedances,

Up
= — Zplp — zlZpglg — zLZp,pI^, (4)

a t* v <t>

where Z p
= iwLp denotes the inductive part of the self impedance

Zp P
= R p -f- icoL p of filament p, Z pq

= icoL pg the mutual impedance7

between p and any other filament q of A , and Z^ = iwLp^ that between

8 The case where one wire is "thick" and the other filamentary is on the border
line, the elementary definition of the mutual impedance being applicable when the

"thick" wire is the disturbing wire but not when it is the disturbed wire.

The generalized definition, to be formulated later herein, must of course be such

that the mutual impedance between any two wires will have exactly equal values

in the two directions.

The distribution of V over the cross-section of the wire being uniform, equation

(3) shows that if U is non-uniform / also must be, and conversely. This is exem-
plified in skin effect and proximity effect.

By averaging the whole set of equations, of which (3) is typical, relating to all of

the filaments in wire A, and denoting the total current in this wire by / and its

direct current resistance by R,° we find that

Roj =W= U +V = U + V,

a bar indicating an average value over the cross-section. The relation R°I = W
appears sufficiently useful and interesting to justify its enunciation in the form of a

theorem, as follows: When the varying current in a single piece of uniform wire, which
may have any cross-sectional shape, has sensibly the same total value I throughout the

length of the wire, whose direct current resistance is R°, the product R^I is equal to the

cross-sectional average W of the total, or resultant, voltage W along the wire between its

two ends. For a wire which is fine enough to be regarded as filamentary, the above
equation reduces to RI = W = U + V. For a wire carrying direct current, it

reduces to R°I = V = V.
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filament p of A and filament <f>
of B. On substituting (4) into (3) we

get for filament p the "voltage equation:"

VP = HZpqIq + Y.Zrth = VA . (5)

Next we multiply this equation through by Ip , add together the m
such resulting equations corresponding respectively to the m filaments

of wire A, and introduce the condition that the sum of the filamentary

currents in A is equal to Ia- Finally, we divide the resulting equation

through by Ia and denote the current-ratios I p/Ia, Iq/Ia, I^/Ib by

J p , JQ , J$ respectively, each J thus denoting the ratio of a filament

current to the total current in the wire to which that filament belongs,

so that J may be called a "relative filamentary current." We thus get'

the equation

VA = lAZZZPaJPJq + IB'L'ZZ P*JvJf (6)
V Q V <t>

Comparison of this with the equation

Va = ZaaIa + ZabIb, (6a)

which is the "voltage equation" for wire A as a whole, yields the

following formulas for the self impedance Zaa of wire A and the

mutual impedance Zab to A from B (Fig. 1):

Zaa = 11HZ vqJ ,,J,,, (7) Zab = EZ^^^f (8)
v a V 4>

Similarly, for wire B,

Zbb = zLzLZ^eJ^Je, (9) Zba = Z-.t-.Z^pJ^J p , (10)
<t>

o <t> P

Zba denoting the mutual impedance to B from A. It will be recalled

that p, q designate any two typical filaments of wire A, and <£, d any

two of B.

The presence of the relative filamentary currents (the J's) in these

equations accounts for the fact that the self impedance of a wire

depends on the current-distribution over its cross-section, and the

mutual impedance between two wires on the current-distributions

over their cross-sections. The self and mutual impedances of two

wires, such as A and B, must thus depend on the currents in any other

wires that may be present, because the voltages induced in A and B
by these other currents will partly determine the current-distributions

in A and B. Although the values of the summation expressions in

equations (7) to (10) depend on the currents in any other wires that
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may be present, nevertheless the forms of these expressions do not.

Thus, so far as the forms of the expressions are concerned, the two

wires A and B need not be alone but may be any two of a system of

parallel wires A, •
, B, , D carrying arbitrary currents Ia, • • •

,

Ir, '
' •» Id respectively; still further, A and B may even be any two of

the parallel longitudinal parts of which any wire may arbitrarily be

regarded as composed.

Equations (8) and (7) respectively show that the mutual and self

impedances of "thick" wires have the following significance:

The mutual impedance between two wires is equal to the sum of the

weighted mutual impedances from every filament in one wire to every

filament in the other, the weighting factor of any filamentary mutual im-

pedance being the product of the corresponding two relative filamentary

currents (the J's). i0

The self impedance of a wire is equal to the sum of the weighted mutual

impedances from every filament to every other filament, including the

weighted mutual impedance from every filament to itself, the weighting

factor of any filamentary mutual impedance being the product of the

corresponding two relative filamentary currents (the J's). 11

Or, more briefly, the self impedance of a wire is equal to the sum of the

weighted mutual impedances from every filament to every other filament

and to itself.

Several matters of interest regarding the "thick" wires A and B
(Fig.l) will next be discussed, mainly from the physical viewpoint

corresponding to equations (7) to (10).

Reciprocity of the Two Mutual Impedances

Since Z^ and Z*,, are unquestionably equal, because they relate to

filaments, comparison of formulas (8) and (10) shows that the mutual

impedances ZA n and ZBa between the wires A and B are equal. The

same conclusion follows also from the first italicised paragraph above,

which is based on formulas (8) and (10).

Complex Nature of the Mutual and Self Impedances

Although every mutual impedance between different filaments is a

pure reactance which is directly proportional to the frequency, never-

theless the mutual impedance ZA b between the wires A and B has in

10 In other words, the mutual impedance of two wires is equal to the sum of the

weighted mutual impedances between all of the various filaments taken in pairs

each pair consisting of one filament from each wire.
11 In other words, the self impedance of a wire is equal to twice the sum of the

weighted mutual impedances between all of the various filaments taken in pairs,

plus the sum of the weighted self impedances of the filaments. (The weighting

factor of the self impedance of any filament is evidently the square of its relative

filamentarv current.)
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general not only a reactance component which is not quite proportional

to the frequency, but also a resistance component which does not vary

in any simple way with the frequency. On the basis of formula (8)

these facts are to be accounted for by the consideration that in general

the various filamentary currents in a wire are not only not in phase but

have no simple phase relations. Thus if (8) is written in the form

Zab = iu>Y,HLp<j,JpJ<tl
— Rab + io>Lab, (11)

p <t>

then Rab is not zero, and Rab and LAb vary with w although L^ does

not.

That the self impedance Zaa of the wire A is not a pure reactance

can be accounted for similarly, with the additional reason that the

self impedance of each filament is complex, because of its resistance.

Thus if (7) is written in the form

Zaa = H(Rp + iaLp)Jp
i + icoZ E LpqJvJQ = RA + i»LA , (12)

the:: RA is not zero, and Ra and LA vary with o although R PI Lp , L pg

do not.

It may be noted that in the idealized case of perfect conductivity

the mutual and self impedances of the wires would be pure reactances

and directly proportional to the frequency; for in this case the fila-

mentary currents in any wire would all be in phase and their distribu-

tion would be independent of the frequency. (The current dis-

tribution would be the same as the charge distribution and hence

purely superficial.)

Case of Negligible Proximity Effect

The case here considered is that in which the wires A and B are of

circular or of annular cross-section (but external to each other) and

are far enough apart so that the proximity effect l is negligible and so

that therefore the current distribution over the cross-section of each

wire is sensibly axially symmetrical.

For this particular case the mutual impedance ZA b = Zba is not

complex but is pure reactance, being equal to the mutual impedance

ZA 'B-
= ZB 'A' between two filamentary wires A' and B' having the

same interaxial spacing as the given "thick" wires A and B. Although

this statement is clearly true when only one of the wires is "thick," it

really needs a proof in the general case where both are "thick." The

following simple proof depends on the fact that everywhere (except

near its ends) outside of a long straight wire, of circular or of annular

section, carrying an axially symmetrical current the magnetic field

produced by that current is the same as though the current were con-
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centrated in the axis, and the proof also utilizes the reciprocity relation

for the mutual impedances in the two directions between the two

wires involved; thus, 7

Zab = Zab 1 = Zb'a = Zb'A' = Za'B'i

Zba = Zjia' = Za'b = Za'B' = Zb'a'-

The statement at the beginning of this paragraph is thus proved.

PART II

Mathematical Theory and Calculations

The theoretical investigation of the self and mutual impedances per

unit length of two long parallel pairs of wires in space is an application

Fig. 4—Cross-sectional diagram of 4-wire system.
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of two dimensional wave propagation theory. The specific case of

four wires in a square array was selected as the basis of a comparison of

measured and theoretical values of mutual inductance. The configura-

tion with four equal wires is shown in cross section in Fig. 4 where
wires No. 1 and No. 4, centered at 0j and 4 and carrying currents

Zi and — /i, respectively, form the first pair or primary and wires No. 2

and No. 3 at Oi and 3 and carrying currents I2 and — h, respectively,
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Fig. 5—Real and imaginary components, Ma and Mb, respectively, of the mutual
inductance between a pair of No. 10 A.W.G. wires and a pair of filaments. Length
of wires = 74_inches; interaxial separation = 0.14 inch.
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form the second pair or secondary. We have

OxOz = 20i = 2c

and
O1O2 = O1O4 = V2c.

The notation for the dimensions and coordinate systems is shown in

Fig. 4. The theoretical values of mutual inductance are calculated

from the geometry and electrical constants of this system by means of

the formulas which will be derived herein, while the measured values

are those obtained for this system by R. N. Hunter and R. P. Booth.2

Numerical Results

A close agreement between the values of mutual inductance com-

puted on the basis of the approximate formulas derived below and

the experimental results is shown by the curves in Figs. 5 and 6.

In fact, for No. 18 gauge wires, in which case the proximity effect is

comparatively small, the computed and measured values are indis-

tinguishable in Figs. 6A and 6B. Evidently the error introduced by

the fact that actually the line is comparatively short while theoretically

we assume it of doubly infinite length, is inappreciable. The drawings

give relative values of the real and imaginary components of the com-

plex mutual inductance M = Ma + iMb , for 74 inch lengths of wires

with vertical and horizontal interaxial spacing of 0.14 inch over a

frequency range of 1 to 1000 kilocycles per second. (The value

0.565 X 10~3 emu. is assumed for the conductivity of the wires and

unit permeability for both wires and dielectric.) The solid curves

represent computed values and the dotted curves measured values.

The values shown are the ratios of Ma and Mb to the value of Ma at

1 kilocycle. In Figs. 5A and 6A the frequency scale is linear, while in

Figs. 5B and 6B it is logarithmic. The computed curves of Fig. 5

(obtained from formula (13) below) assume a pair of No. 10 A.W.G.

wires (0.102 inch in diameter) as the primary and a filamentary

secondary. Actually the secondary was a pair of No. 28 A.W.G. wires.

In the two cases shown in Fig. 6, computed from formula (14) below,

both pairs of conductors are of the same size; namely, No. 10 and No.

18 A.W.G. wires, respectively (the latter being actually 0.0410 inch in

diameter).

It will be observed that we have the relation

M = Zm /ico,

Zm denoting the mutual impedance, co,I2t the frequency and i the
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Fig. 6—Real and imaginary components, Mn and Mb, respectively, of the mutual
inductance between (1) two pairs of No. 10 A.W.G. wires and (2) two pairs of No.
18 A.W.G. wires. Length of wires = 74 inches; interaxial separation = 0.14 inch.

imaginary. In the last step of the analysis below the mutual im-

pedance of two circuits of wires of large 12 cross-section is derived by a

method of successive approximations. A first approximation is ob-

tained by assuming the field due to each wire of the second pair cir-

12 The wires of a pair are to be considered "large" for a given frequency (/),

provided the values of the radius (a), interaxial separation (d), conductivity (a) and
permeability (m c) are such that the magnitude

\{2ald){Hz)IUz)y\

is not small compared to unity. Here Jo and J\ are Bessel functions of the first kind

of zeroth and first orders, respectively, and of complex argument, z = ia^4iran c Jo).
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cularly symmetrical. Physically this is equivalent to assuming the

concentration of the current on the axes of the secondary as if it were

filamentary so that the proximity effect in this pair is eliminated.

Thus equation (13) formulates the solution of the case which is

represented in Fig. 5. Regarded as an approximation to the solution

when both pairs of wires are of large cross-section, it will be seen

that these values account for about 50 per cent of the departure

of the final results from the d.c. value. (This is 0.261 microhenry for

the square arrangement.) The second approximation (formula (14))

takes into account the circularly unsymmetrical components of the

field due to the unsymmetrical distribution of current density in the

wires of the secondary as well as of the primary and so adds the prox-

imity effect due to the thickness of the secondary. A summary of the

formulas for mutual inductance follows:

Formulas
With the notation

X = ajlc

a = radius of wires in centimeters

2c = diagonal interaxial separation of wires in centimeters

a = conductivity of wires in emu.

/ = co/27r = frequency

and denoting by M (0) the complex mutual inductance per unit length

of two circuits, one of wires of large cross-section and one filamentary

or, from the other point of view, a first approximation to the mutual

inductance of two circuits of wires of large cross-section and, by M,
a second approximation to the latter, we have

j|f(o> = 4(ioge V2 - ki), (13)

M = Af<°> - 4(k - 7k? + Ab>), (14)

where

h =

h =

T\ =

X2
r,

X =

- 2X2ti

X4T2

— 12X4T2

.2 ber' x + i bei
/ x

x ber x + i bei x

— v + iv when x —» <»

,

. 8 4 ber x + i bei x

.\-
2 x ber' x + i bei' x

— 2v + i2v when x —* w
,

W47T(Ta> = V2/v,

/(27TflVjV),
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For values of ber x, bei x, ber' x and bei' x see Jahnke u. Emde, "Funk-
tionentafeln." M (0) and M are given above in emu. per centimeter.

We assume Mw and M proportional to the length and multiply by
0.1880 to obtain michrohenries per 74 inches.

No assumptions with respect to frequency are made in formulas

(13) and (14) but terms of the order of magnitude with respect to

unity of 9&i
3 « 9X6 or smaller are neglected. That is, the accuracy of

(13) and (14) is limited by the dimensions rather than by the frequency.

But for frequencies of about 100 kilocycles or higher and not too small

wires (that is, when x = about 10) formulas (13) and (14) may be

expressed in interpretable form; namely,

and

whe

M,

j|f(o) = Mam _j_ iMb (o)
( 15)

M=Ma + iMb , (16)

u(
o ) = 4

(
log8V2_T^ +_^_

Mb = Mb™ - 4p (
1 ^4x2

- 6\<

The asymptotic values (when / or a or both approach infinity) are,

therefore,

M< >= ^l**-^), d7)

M = MM - 4 (
t ^2X2

- 3\A (18)

and the d.c. value (when / approaches zero) is, of course,

M = 4 loge V2.

Thus M is real (i.e., Mb = 0) when the frequency is either zero or

infinite.

Formal Solution

The following derivation of these results is an application of the

general method of calculating the self and mutual impedances in a

system of parallel wires which is outlined in Section V of John R.

Carson's paper "Rigorous and Approximate Theories of Wave Trans-

mission along Wires," B. S. T. J., Jan., 1928. This method of solution
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has proved valuable in investigating a variety of problems in wave

propagation along parallel conductors. Reference may be made to

the paper itself for a fuller exposition of the underlying theory, much
of which is omitted from the present analysis.

In terms of a vector potential A and a scalar potential V, the elec-

tric and magnetic forces E and II per unit length in the dielectric are

given by the relations,

E = — grad V — icoA

and (19)

fill = curl A
,

where fx is the permeability of the dielectric. Assuming that the wave

varies as exp (tut — yz) and putting F = ioiA z , the axial electric force

Ez (omitting the subscript z) may be written

E= y V - F, (20)

where 7 is the propagation constant per unit length of the system.

Now, as we shall show below, the electric force E inside of the con-

ductors and the wave function F in the dielectric may be expressed as

linear functions of the conductor currents. That is, at the surface of

the jth conductor, for example, we may write

Ej = eijli + e%ih + ft/Ja + «**T|

and (21)

Fj = fuh +/2y/2 +hih -\-fnI4,

where ejk and /,•* are determined by the geometry and electrical con-

stants of the system. (V,-, the potential at the surface of the jth

conductor, is determinable from the geometry of the conductors as a

linear function of the conductor charges, Q,, Q2 ,
• • • ; that is, V, may

be written

Vt = PuQi + pvQt + pziQz + pijQi,

the p coefficients being the Maxwell potential coefficients of the system.

These, however, are not required in the present problem.)

But relation (20) must hold at the surface of the conductors. Thus,

since the electric force is continuous at the surface of the conductors,

relations (20) and (21) give

Znh + Znh + Z 3lI3 + Z41/4 = 7F1 = E1 + F, rx = a,

'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.
(22)

Zuh + Z2ih + ZM T, + ZUI, = yVt = Ei + F, n = a,
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where

and
Zfk — 6jk + fjk — Zkj,

the Z coefficients being the self and mutual impedances of the indi-

vidual conductors. The required self and mutual impedances, Z a and

Zm , respectively, however, are the impedances of the circuits 1-4 and

2-3. Owing to the relations, Xi = — h and h— — I3 ,
of the cur-

rents, Za and Zm are given by

Ze = 2(Zu — Z4i)

and (23)

Zm = 2{Zi\ — Z31).

Thus, from equations (22) and (23), we have

ZJi + Zmh= y(Vi - Va) = 2(£i+ F), rx = a. (24)

The problem is then reduced to the determination of E and F in terms

of I\ and h.

The function F must satisfy Laplace's equation in two dimensions

and may be resolved into four waves centered respectively on the axes

of the four wires, each satisfying Laplace's equation. Thus, at any

point (rj, 6j) in the dielectric, F may be written

F = Fx + F2 4- F3 + F4 , (25)

where

_ " / . cos nBj „ sin w0, \ .
1

. 7 .

F,- = ^0; log ry + E ( ^»y—riH + ^i-TT2 ) - J = 1, 2, 3, 4.

n= 1 \ '3 1 1 /

The arbitrary constants ^4 ; are determined by the relations

47rjUtoI/= -
f

2

'(|^) a^'- (26)

But owing to the specific configuration and to the conditions

U = - Ii and /3 = - /2 ,
(27)

the 8w arbitrary constants ^4„,-, B nj may be reduced to 4w. Thus, we

have

{Za)

A n2 = — A ns = C„, B n2 = B n 3
= D n ,

and also

Aai = — A oi = — 2jiio)I\, A 02= — A 03 = — 2/i7*a>72 .
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Inside of the conductors the axial electric force E, must satisfy the

wave equation in two dimensions. It may, therefore, be expressed

as the Fourier-Bessel series,

Ej = goiJofrz/a) + £ Jn {r jzla){g ni cos nds + h nj sin nO,). (29)
n = 1

The constants go/ are given by the relations

or

i-j-r^!

I Oi — Zjij
J (rjZ/a)

Mz)
(30)

Z; being the internal impedance per unit length of the jth conductor

with concentric return. Here n c is the permeability of the conductor,

Jn {z) is the Bessel function of the first kind of wth order and argument

2 = aH4:ir(Tfj. ciu} and the arbitrary constants gnj and h nj are to be

determined by boundary conditions; it is evident, however, that we

must have
g»i

gnl

At the surfaces r, = a, the boundary relations are

dF ii dE

and

gm,

£n3,

Kl = h n4 ,

ll„2 — ll„3.
(31)

06
j

y-c drj

dE
'

ddj
'

(32)

Hence, introducing (25) and (29) in (32), applying (32) at the two

surfaces t\ — a and r$ — a and equating harmonic coefficients, gives 8«

equations in the 8ra arbitrary constants A n , B n , Cn , D n , g„i, g„2, h n \,

/i.»2 . This procedure requires that F be expressed in terms of ru d x and

of r2 , 02 by suitable transformations of coordinates. 1
'

1 Thus, for all

points in the neighborhood of r x
= a, for example, F may be written

Ci 1c °° / 1

F = 2juia)7i log — + Ifxiuh log 2Z I

_ «-
T\ Cz „=i \ ic

Cn

-i,(-',n( cosT)^-« +
(

si"T) (B»-H
+ f. (cos»fli)(i4 nV+5nVi--) + f (sin»0i)(CVr,"+ 2Vrr»), (33)

n=l n=l

13 The neressary formulas for these transformations are derived in Note II of

the paper "Transmission Characteristics of the Submarine Cable" by John R.

Carson and J. J. Gilbert, Journal Franklin Institute, December, 1921.
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where A n
'

, B n ', Cn
' and D„' are expressible in terms of A n , B„, Cn and

Dn and of the currents, electrical constants and dimensions of the

system. In the neighborhood of r% = a, F is given by a similar ex-

pression in the coordinates r2 , 02- The application of the boundary

relations at r\ = a and r2 = a then, as explained above, leads to a set

of equations which determine the arbitrary constants in terms of the

currents, electrical constants and dimensions of the system. When
these equations are solved and the arbitrary constants are known,

equation (24) becomes

Z sh 4- Zmh = 2 (

Z

x + 2M*« log
C

j + A g)h

4- 2
( 2nioj log— 4- A„,

J
I2 , (34)

where

A./1 + AM/2 = - t ( -~Y Cn
«=i 2c

4-(sin^)(5 B - Z?,)]-

The formal solution is then complete, A sIi + A,„/2 representing the

correction in the series voltage drop of the primary circuit due to the

proximity effect.

Solution by Successive Approximations

As the set of simultaneous equations, upon which depends the de-

termination of the arbitrary constants A n , B n , C„ and D„, involves

an infinite number of unknowns, a direct solution is, in general, im-

possible. Consequently, some method of successive approximation is

required. The convergence of the harmonic sequences indicates the

practicability of the following procedure in the present problem.

(1) Determine first approximations A „
(0) and .B n

(0) by boundary con-

ditions at r\ = a, neglecting the summations in Cn and D n . For the

first approximation only A\m and Bim will be required and the series

may be represented by their leading terms.

(2) Determine Cn
il) and Dna) in terms of A n™ and 5 n

(0) by con-

ditions at r2 = a.
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(3) Determine 4„(1) and 5 n
(1) in terms of C„ (1) and Z>„ (1) by con-

ditions at r\ = a.

Then, we have, for example,

5 ( " ii)°
c- - 1, ( - h)" (c-w> + c»

<" + c°"' + • • •) <35 »
n=l

and similar expressions for the other summations. Now, putting

C„ (0) = D n
m = 0, the first approximation to the proximity effect

is given by
-4.(0) 72 (0)

A/»>7i + A,„«»/2 = ^- +^_ . (36)

Next, since, for example, .«4 2
(0) /(2c) 2

is of the same order of magnitude

as Ai^jilc), the increment due to C„ (1) and £>„ (1) will be

,4,(1) r.u) n,(D

2c 2c 2c

52
(0) G (1) Z)2 (1)

— 2— — I 2— n7t
• (2c)2 (2c)2 ^ (2c) 2 ' ^' ;

Then a second approximation to A 5 i"i + Am/2 will be

(As
(o) + Aa (i

))/i + (Am ( ) + AM (i))/
2

and, in general,

A./! + Am/2 = f (A.<»>/! + Am <»>/
2). (38)

n=0

Applying this method we assume unit permeability for wires and
dielectric. Then putting the first approximation in equation (34)

gives equation (13) above for Mm . Neglecting terms containing

\°, we find Ci (2) /2c and ZV2) /2c ignorable. In 52 <°>/(2c)
2

, C2
(1) /(2c) 2

and Z)2
(1) /(2c) 2 we require the first terms. We then have

A.o/x + A„/»/2 = - 2*&>/i(Jfei - 6fci
2 + • ••+**-+• ••)

- 2iu>h(ki - Ik? + •
• • + 4£2 + • ••)• (39)

Hence

Zn = 4i«(log V2 - 2fc + 7£ x

2 - • .- - 4*2 H ) (40)

and

Zs = 2Z t + 4*cu (log^ - 3*i + fife" 2 k* + • • • V (41)
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where

u ^
k\ =

1 - 2X2ti
'

X 4T2

and

The relations

and

where

h
1 - 12XV2

, In Jm (r)
T n = 1 —

J (z) = ber x -\- i bei x

1

/i(s) = -7^= (ber' .r + i bei' *),

3 = X\— 4

give the expressions in equations (13) and (14) for r\ and r%.

For the asymptotic values we have

Jn(z) •
i

• — i, when x —> <*>

,

so that

oi-

and

where

Also,

/«-l(«)

1 _l
- 2w

n —» 1 — v + i"

t2 -» 1 - 2v + *2i»,

? - V2> = l/(27raVJV).

X2 ?
*l -> 1 ST« 1 - 1 ^T-2 + *

1 _ 2X2
\ 1 - 2X2

/ ' (1 - 2\2
)
2 '

X 4 /, 2v \ ,
. 2X 4

»

and
(1 - 2X2

)
2
\ 1 - 2X2

/ ' (1 - 2\2
)
3 '

X 4 /, 2v \ . . 2\*v

1 - 12X4
V 1 - 12X 4

/ (1 - 12X

Thus equations (15) and (16) readily follow.

In addition, the high frequency value of the self impedance, Z„ is

given by

/ 4X2 \
, 4 . /, V2c 2X2

,
2X2

z> \
Z8

<o) = 2Z1 (l+ rTr^) + 4^(log— -
T-^ +T-w j
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and

where

APPENDIX *

Production and Properties of Electric Field Intensities and
Voltages

This appendix gives a summary of certain points in fundamental

electromagnetic theory which are necessary for a thorough under-

standing of some portions of Part I of the paper.

Precisely defined, "voltage" (W) means the line-integral of the

electric field intensity (E) along a specified path (s) between two

specified points. 14 Thus

= f Esds = \ Eds. (1)
J(SI J(A

w
'(S) t/fa)

At any point, in a dielectric or in a conductor, the total electric

field intensity E is the resultant of a part EQ due to all charges and a

part E u due to all currents; thus E = Eq -f- E u . (Eq and E u might

be called the "charge electric intensity" and the "current electric

intensity" respectively.)

Precisely stated, the phrases "due to all charges" and "due to all

currents" have the same meanings respectively as in the formulations

of the "retarded scalar potential" ^ and the "retarded vector poten-

tial" A of electromagnetic theory, as summarized in the following

paragraphs. "All charges" and "all currents," respectively, include

polarization charges and polarization currents in a dielectric, thus

allowing (indirectly) for a specific inductive capacity of any specified

value. Furthermore, "all currents" include also such additional cur-

rents (current whirls) as would account for a magnetic permeability of

any specified value. On the other hand, displacement currents are not

included and should not be, for they do not play the role of true

* This appendix relates to Part I.

M The "electric field intensity" (or, briefly, "electric intensity") is often called the
"electric force."
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physical "causes" when "retardation" is allowed for in the formula-

tion of the effects. 15

It is of course possible to give, in a single step, formulas for Eq and

E u in terms explicitly of the charges and currents to which they are

respectively due. However, it is much preferable, both mathe-

matically and physically, to proceed in two steps, of which the first

consists in giving the formulas for the two potential functions, ^ and A ,

and the second in giving the formulas expressing Eg and E u in terms

of ^ and A respectively. For convenience these four formulas will

now be given together. For completeness the formula for the mag-

netic field intensity H will be added, although it is of only secondary

interest here and in Part I of this paper; further, the formula for the

relation between ^ and A will be included, since it underlies the

formulas for ^ and A. These six formulas, which are classical,

follow. The functional notation q(t — r/c), in formula (2), indicates

that the charge-density q is to be evaluated at the time / — r/c, as

discussed in the next paragraph; similarly for the current-density u

in (3).

^ = j^-r/c)
dv< (2) A = lJ»(L^lM dVt (3)

1 f)A

Eq
= - grad ¥, (4) E u = -- — , (5)

H = curl A, (6) div A + - ^ = 0. (7)
c ot

Although usually the application of the first two of these formulas to

specific cases is difficult and laborious, their physical meaning is

rather simple, as will shortly appear in the following description and

discussion of them.

The six formulas in the above set constitute a complete explicit

solution of Maxwell's differential equations of the electromagnetic

field, and form the connecting link between those differential equations

and electric circuit theory. They express the potentials (^, A), and

thence the field intensities (Eg , E u , H), at a specified point P and time

t, due to all of the distributed charges and currents contemplated.

The point P may be anywhere, in a dielectric or in a conductor; and

the time / is that observed at P. dv is a fixed element of volume or of

surface (as the case may be 16
) at any typical point in the contemplated

16 For a mathematical treatment relating to the various matters touched on in

this paragraph reference may be made to the appendix of the paper by John R.

Carson cited at the end of footnote 5.

16 For brevity the term "volume-element" will throughout be used generically to

include "surface-element" as a limiting case, with "charge-density" being inter-

preted as "volume charge-density" and "surface charge-density" respectively.
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system of charges and currents; r is the distance between dv and P;

and c is the velocity of light in free space. q(t — r/c) and u(t — r/c)

are the charge-density and the vector current-density, respectively,

in dv, not at the time t but at the slightly earlier time / — r/c, allowance

thus being made for the time of propagation of the effect from dv to P.

Thus in (2) the integration, made at the time /, which is that observed

at P, must include every volume-element dv which contained any

charges at the time t — r/c, whatever the motions of those charges; and

in (3) the integration must include every volume-element dv which

contained any current (moving charges) at the time / — r/c; moreover,

associated with each volume-element dv is a corresponding value of r.

r denoting distance, ^ and A are called "potentials" because of

their inverse dependence on r and their direct dependence on the charge-

density q and the current-density u respectively. ^ is called the

"scalar potential" because it does not have direction in space; A
the "vector potential" because it has direction. These potentials

are qualified as being "retarded" potentials 17 because the values to be

taken for the charge-elements and current-elements are not their

actual values at the contemplated instant / but their "retarded"

values, that is, their values at the earlier instants t — r/c. (It is to

be remembered that the time / is that observed at the point P where

^ and A are to be calculated.)

In the way of a summary statement regarding the set of formulas

(2) to (7), we may say that electric charges, whether stationary or

moving, produce a scalar potential SF calculable from (2), and thence

an electric field intensity Eq calculable from (4) ; and that if the charges

are in motion, thus constituting currents, they produce also a vector

potential A calculable from (3), and thence an additional electric

field intensity E u calculable from (5) and a magnetic field intensity

II calculable from (6). Thus the total, or resultant, electric field

intensity E = EQ -f- E u is calculable from

£= _ grad *_i^. (8)

If the contemplated point P for which E is calculated is in a conductor,

of resistivity p, where the current-density is u', there exists the addi-

tional relation E = pu'', in accordance with Ohm's law.

Of the important contrasting principles enunciated in the section

entitled "The Two Parts of a Voltage, and Their Resultant," principle

" 1 " is an immediate consequence of equation (4) of this appendix, and
"2" is a consequence of (5) and (6) together.

17 Sometimes called "propagated" potentials.


